We describe a new two-step iterative method for solving the absolute value equations Ax -|x| = b, which is an NP-hard problem. This method is globally convergent under suitable assumptions. Numerical examples are given to demonstrate the effectiveness of the method.
Introduction
We consider a kind of important absolute value equations (AVEs):
where A ∈ R n×n , b ∈ R n , and | · | indicates absolute value. Another general form of the AVEs (1):
where B ∈ R n×n was introduced and investigated in [1] . The unique solvability of AVEs (2) was given in [2] . The algorithm which can compute all solutions of AVEs (2) (A, B square) with several steps, was proposed in [3] . Using the relationship between the absolute value equations and second order cone, a generalized Newton algorithm was introduced in [4] for solving AVEs (2) . When the matrix B is reversible, AVEs (2) can be converted into AVEs (1), so some scholars have begun to study AVEs (1) instead of AVEs (2) . AVEs (1) was investigated in theoretical detail in [5] , when the smallest singular value of A is not less than 1, AVEs (1) is equivalent to the generalized LCP, the standard LCP and the bilinear program, based on the LCP, Mangasarian introduced the sufficient conditions of the existence of unique solution, 2 n solutions and nonnegative solutions and the nonexistence of solutions. Rohn [6] proposed a new sufficient condition for unique solvability which is superior to that presented by Mangasarian and Meyer in [5] , conflating these two sufficient conditions to a new one, and using it. An iterative method based on minimization technique for solving AVEs (1) was proposed in [7] ; compared with the linear complementary problem, this method is simple in structure and easy to implement. Iqbal et al. [8] showed the Levenberg-Marquardt method which combines the advantages of both steepest descent method and Gauss-Newton method for solving AVEs (1) . When the AVEs (1) has multiple solutions, Hossein el at. [9] shown that the AVEs (1) is equivalent to a bilinear programming problem, they solved AVEs (1) via the principle of simulated annealing, and then found the minimum norm solution of the AVEs (1). The sparse solution of the AVEs (1) with multiple solutions was found in [10] by an optimization problem. Yong proposed a hybrid evolutionary algorithm which integrates biogeography and differential evolution for solving AVEs (1) in [11] . Abdallah et al. [12] converted AVEs (1) into a horizontal linear complementarity problem, and solved it by a smoothing technique, meanwhile, this paper can provide some error estimation for the solutions of AVEs (1) . A modified generalized Newton method was proposed in [13] , this method has second order convergence and the convergence conditions are better than existing methods, but only as regards local convergence. Mangasarian proposed some new sufficient solvability and unsolvability conditions for AVEs (1) in [14] , and focused on theoretical research. According to the advantages and disadvantages of the above algorithms, we will present a two-step iterative method for effectively solving AVEs (1). Firstly, we present a new iterative formula, which absorbs the advantages of both the classic Newton and the two-step Traub iterative formulas, it has the characteristics of fast iteration and good convergence. In addition, we incorporate the good idea of solving 1-dimensional nonlinear equations to our iterative formula. Then a new algorithm for solving AVEs (1) is designed, we can prove that this method can converge to the global optimal solution of AVEs (1). Finally, numerical results and comparison with the classic Newton and two-step Traub iterative formulas show that our method converges faster and the solution accuracy is higher.
This article is arranged as follows. Section 2 is the preliminary about AVEs (1). We give a new two-step iterative method and prove the global convergence of the proposed method in Sect. 3. In Sect. 4 we present the numerical experiments. Some concluding remarks to end the paper in Sect. 5.
Preliminaries
We now describe our notations and some background materials. Let I and e be a unit matrix and a unit vector, respectively. x, y denotes the inner product of vectors x and y (x, y ∈ R n ). x is the two-norm (x T x) 1 2 , while |x| denotes the vector whose ith component is |x i |. sign(x) also can be seen as a vector with components equal to -1, 0 or 1 depending on whether the corresponding component of x is negative, zero or positive. In addition, diag(sign(x)) is a diagonal matrix whose diagonal elements are sign(x). A generalized Jacobian ∂|x| is given by the following diagonal matrix D(x) in [11, 15] :
We define a function f (x) as follows:
where D(x) is defined by Eq. (3).
For solving AVEs (1), Mangasarian [16] presented a new Newton iteration formula which is given by
By calculating 100 randomly generated 1000-dimensional AVEs (1), Mangasarian proved that this Newton iteration is an effective method, when the singular values of A are not less than 1. The vector iterations {x k } linearly converge to the true solution of
AVEs (1), Haghani [17] extended the well-known two-step Traub method and solved AVEs (1), the iterative formula is given in Eq. (5):
Although the computation time of the iterative formula (4) is greater than that of (5), the experiment's results obtained by the iterative formula (4) are better than that of (5) .
Some iterative methods with higher order convergence and high precision for solving nonlinear equations g(x) = 0, where g : D ⊂ R → R, are in [18] , which give us some inspiration and motivate us to extend those methods to the n-dimensional problem, especially the high-dimensional absolute value equations. Combining with the above-mentioned methods, we designed the following effective methods.
Algorithm and convergence
In this section, we introduce a new two-step iterative method for solving AVEs (1), the iterative formula is given as follows:
Based on the iterative formula (6), we design Algorithm 3.1 for solving AVEs (1).
Algorithm 3.1
Step 1. Randomly generated an initial vector x k ∈ R n to AVEs (1), set k = 0.
Step 2. Compute x k+1 by (6).
Step 3. If Ax k+1 -|x k+1 | -b = 0, stop, otherwise go to Step 4.
Step 4. Set k := k + 1, go to Step 2.
Next, we prove the global convergence of Algorithm 3.1. Proof See [5] . 
Hence, (A -D) is nonsingular, and the sequence {x k } produced by (6) is well defined for any initial vector x 0 ∈ R n . This proof is similar to [16] .
Lemma 3.3 (Lipschitz continuity of the absolute value)
Let the vectors x, y ∈ R n , then
Proof The proof follows the lines of [16] .
, then the new two-step iteration (6) can be written in a simple form:
Lemma 3.4 If the singular values of symmetric matrix A ∈ R n×n exceed 1, then the direction d k 2 of (9) is a descent direction for the objective function F(x), where F(x)
So, for ∀k ∈ Z,
Also,
where the last inequality holds according to f (y 
Then, for ∀m ∈ Z,
Cauchy series, and it converges to the unique solution of AVEs (1).
Numerical results
In this section we consider some examples to illustrate the feasibility and effectiveness of Algorithm 3.1. All the experiments are performed by Matlab R2010a. We compare the proposed method (TSI) with the generalized Newton method (4) (GNM) and the generalized Traub method (5) (GTM).
Example 1 Let A = (a ij ) n×n , each element in A is given as follows:
Let b = (A -I)e, the minimum singular value of each A exceeds 1.
Example 2 We choose a random matrix A from a uniform distribution on [-10, 10] and a random vector x from a uniform distribution on [-2, 2]. All the information are generated by the following MATLAB procedure:
In order to guarantee that the minimum singular value of A is greater than 1, we first calculate the minimum singular value: σ min (A), then adjust A by σ min (A) multiplied by a random number γ ∈ [1, 2].
Algorithm 3.1 is used to solve Example 1 and 2; Tables 1 and 2 record the experiment results.
In Tables 1 and 2 , Dim, K, ACC and T denote the dimension of the problem, the number of iterations, Ax k -|x k | -b 2 and time(s), respectively. It is clear from Tables 1 and 2 that the new two-step iterative method is very effective in solving absolute value equations, especially the high dimension problem. Figures 1 and 2 show the convergence curves of three algorithms for solving Examples 1 and 2. For Example 1, We find that the convergence of the TSI is the best among three methods, obviously. For Example 2, the convergence of the TSI is litter better than GTM, they are both better than GNM. So Algorithm 3.1 is superior in convergence and the quality of solution for solving AVEs (1). 
Conclusions
In this paper, we propose a new two-step iterative method for solving non-differentiable and NP-hard absolute value equations Ax -|x| = b, when the minimum singular value of A is greater than 1. Compared with the existing methods GNM and GTM, our new method has some nice convergence properties and better calculation consequences. In the future, we have the confidence to continue an in-depth study.
